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Setting

3 dimensional gauge theory on M;
G compact, simply connected gauge Fields: connections A € Q'(Ms; g) + Ao

group (e.g. SU(N)) A = §,A7 dx* Lie algebra-valued 1-form
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Setting
3 dimensional gauge theory on M;
G compact, simply connected gauge Fields: connections A € Q'(Ms; g) + Ao

group (e.g. SU(N)) A = §,A7 dx* Lie algebra-valued 1-form
g = Lie(G) and [£,,&p] = FEEC

Equations of motion

FA:dAA:dA+[A/\A]—0

v = Ay + AL AS = 0.
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Chern-Simons Theory: Recap

5 dimensional galigs Hheorylon s
G compact, simply connected gauge Fields: connections A € Q(Ms; g) + Ao
group (e.g. SU(N)) A = §,A7 dx* Lie algebra-valued 1-form
g = Lie(G) and [£,, €] = e

Gauge transformations

Equations of motion G = {g: M3 — G smooth}

Fa=daA=dA+[ANA] =0 A )
= b — A= -

Fi, = 01,A%) + f2AD AS = 0. g-A=AdgAtg " dg

g Ay = gA,Ag_1 + g_lﬁug

Classical solutions

Moduli space of flat connections
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Chern-Simons Theory: Reduction to boundary

Setting

3-dim. gauge theory on M3 = X X [0,1]
G compact, connected, simply connected
gauge group, g = Lie(G)
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3-dim. gauge theory on M3 = ¥> x [0, 1] 2-dim. gauge theory on ¥, closed surface
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gauge group, g = Lie(G) on ©

Tim Henke Joint work with Jgrgen Ellegaard Andersen
Dynamic CS/WZNW du




Chern—Simons

Chern-Simons Theory: Reduction to boundary

3-dim. gauge theory on M3 = ¥> x [0, 1] 2-dim. gauge theory on ¥, closed surface
G compact, connected, simply connected Moduli space M(X) of flat connections
gauge group, g = Lie(G) on ©

Quantisation

Geometric quantisation

Tim Henke Joint work with Jgrgen Ellegaard Andersen
Dynamic CS/WZNW du




Chern—Simons

Chern-Simons Theory: Reduction to boundary

3-dim. gauge theory on M3 = ¥> x [0, 1] 2-dim. gauge theory on ¥, closed surface
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Quantisation

Geometric quantisation
Wilson operator W*(C) := Try [ [ Al
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Chern-Simons Theory: Reduction to boundary

Setting

3-dim. gauge theory on M3 = X X [0,1]
G compact, connected, simply connected
gauge group, g = Lie(G)

Quantisation

Geometric quantisation
Wilson operator W*(C) := Try [ [ Al
charge \; € g at p;

ith Jgrgen Ellegaard Andersen
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2-dim. gauge theory on ¥> closed surface
Moduli space M(X) of flat connections
on X

Moduli space

M(Z, B, X) of flat connections on

0= z\{p17~"7p"}
Js. A~ exp(2miAi/k)

= Moduli space of X-parabolic G-bundles
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Cherns—=Simons TQFT: Quantisation

A1
® A
S1 F
p
K/S/

Tim Henke Joint work with Jgrgen Ellegaard Andersen

Dynamic CS/WZNW du,



Chern—Simons

Cherns—=Simons TQFT: Quantisation

A1

® A

S1 F

\\_/ 8
33
moduli space of
flat connections
M= Ms

Js. A ~ exp(2miX;/k)
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Cherns—=Simons TQFT: Quantisation

moduli space of
flat connections

Js. A ~ exp(2miX;/k)
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Cherns—=Simons TQFT: Quantisation

HO(My; Ls)

moduli space of
flat connections

5. A~ exp(2mi)i/k) T(Z,P)
“space of complex structures”

Tim Henke Joint work with Jgrgen Ellegaard Andersen

Dynamic CS/WZNW dual the m



Chern—Simons

Cherns—=Simons TQFT: Quantisation

moduli space of
flat connections

FTTTT—— >
o (:,

f5i A ~ exp(2miX;/k) T(Z,p)
“space of complex structures”
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Chern—Simons Theory: The metaplectic-corrected Hitchin Connection

Hitchin connection
[Axelrod et al., 1991, Hitchin, 1990]

Quantisation bundle H;.k) - T(%, p)
space of complex structures
VH projectively flat
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Chern—Simons Theory: The metaplectic-corrected Hitchin Connection

Hitchin connection
[Axelrod et al., 1991, Hitchin, 1990]

Quantisation bundle H;.k) - T(%, p)
space of complex structures
VH projectively flat

Differential operator

Vi = 2y + u(V) with u(V) 2nd-order
differential operator [Andersen, 2012] V!
preserves holomorphic C smooth sections
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Chern—Simons Theory: The metaplectic-corrected Hitchin Connection

Hitchin connection . Topological obstruction

[Axelrod et al., 1991, Hitchin, 1990]

*) VH exists if:
Quantisation bundle HX — T(Z, p) HY(M) = 0
space of complex structures

— n[&1: 1
VH projectively flat (M) n[2w]. rare:

Differential operator

Vi = 2y + u(V) with u(V) 2nd-order
differential operator [Andersen, 2012] V!
preserves holomorphic C smooth sections
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Hitchin connection . Topological obstruction
[Axelrod et al., 1991, Hitchin, 1990]
k VH exists if:
Quantis?tion blundle H§) - T(Z, p) H(M) = 0
space of complex structures _orw. |
VH projectively flat a(M) = n[2w]. rare:

Differential operator .

H _ i L
iy =y sl il 617 Znikeieer Metaplectic correction

differential operator .[Andersen, 2012].Vﬂ xists if c1(M) even and HOL(M) =0
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Chern—Simons Theory: The metaplectic-corrected Hitchin Connection

Hitchin connection o Topological obstruction

[Axelrod et al., 1991, Hitchin, 1990]

*) VH exists if:
Quantisation bundle HX —- T(X,p) HY(M) =0

c1(M) = n[3Z]: rare!

space of complex structures
VH projectively flat

Differential operator .
H _ i L
W) =y - () it oY) Arekertr Metaplectic correction

differential operator .[Andersen, 2012].Vﬂ Exists if c1(M) even and HOL(M) =0
preserves holomorphic C smooth sections

Lemma (Andersen and H., to appear)

The metaplectic-corrected Hitchin connection exists on H(Xk) for regular weights X.

Lemma (Andersen and H., to appear)

— - \
For every tuple \ the sum X\ + p is regular and the inclusion H(Xk) C 5H(Xk++ﬁh ) s preserved by

the metaplectic-corrected Hitchin connection.
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The Tsuchiya—Ueno—Yamada/Wess—Zumino—Novikov—Witten model

TUY/WZNW CFT Citations

2-dimensional gauge theory on X» [Wess and Zumino, 1974,

G compact, connected, simply connected Tsuchiya et al., 1989, Ueno, 2008,
gauge group, g = Lie(G) Kawamoto et al., 1988,
Conformal field theory Andersen and Ueno, 2007b]
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G compact, connected, simply connected Tsuchiya et al., 1989, Ueno, 2008,
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Conformal blocks (conformal covacua)

Vi = [®,-":1 %k()\;)] =] where g[X°] = {X° — g algebraic} C%k()\) via Laurent exp.
) B o

Verma module J€ké)\) V[t

irr. rep. §:= g((t)) @ Cec,
highest weight X, central charge k.

Jo
pa Ad =1 |v)

~ 73 u)
“primary field insertions” ®*i(p;)
—1 creation, t annihilation
gV, irr. rep. highest weight A
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WZNW CFT: Sheaf of Conformal Blocks

Qe

T(%,p)
“space of complex structures”
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VX,k;O‘ Vx,k;o"
|®)
z :
—
g (;l
T(Z,P)

“space of complex structures”
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TUY/WZNW Mode!

TUY CFT: Knizhnik—Zamolodchikov Connection

Knizhnik—Zamolodchikov equations [Knizhnik and Zamolodchikov, 1984]

& Q¢
Ward ldentities —> (kJrhv +ZZ
Zi i# a

(P(ve,z1) - D(vw, 2n)) =
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TUY CFT: Knizhnik—Zamolodchikov Connection

Knizhnik—Zamolodchikov equations [Knizhnik and Zamolodchikov, 1984]

ga ® ga
Ward Identities = (kJrhv +ZZ (P(ve,z1) - D(vw, 2n)) =
% %

Knizhnik—Zamolodchikov connection

AVACHENC ! > g 5Ja(dz —dz)
o 20k +hV) & zj—z J
i J
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TUY CFT: Knizhnik—Zamolodchikov Connection

Knizhnik—Zamolodchikov equations [Knizhnik and Zamolodchikov, 1984]

ga ® ga
Ward Identities = (kJrhv +ZZ (P(ve,z1) - D(vw, 2n)) =
% %

Knizhnik—Zamolodchikov connection

vKZ .=d+ ! > ik £Ja(d dz)
= zj — dz;
2(k+ hY) & z; — z; J

i J

Higher genus: Knizhnik—Zamolodchikov—Bernard equations/Tsuchiya—Ueno—Yamada connection
[Bernard, 1988, Tsuchiya et al., 1989]

Tim Henke Joint work with Jgrgen Ellegaard Andersen




P1,--.,Pn € X smooth surface, £° := X \ {py,..

-7pn}

G(= SU(N)) semi-simple, connected, simply connected Lie group, g = Lie(G)(= su(N))
A1,...,An € g* representations: integral, dominant weights/charges
k > 0 integer: level/quantisation parameter

| s | WZNW
Physics Quantised classical gauge theory Conformal gauge theory
pi Punctures Poles
Fields Flat g-connections on X° g-modes on X°
Charges Holonomy p; ~ )\iv/k Highest weight \;, central charge k
Dependence Complex structure Conformal structure

Connection

Hitchin connection

KZ connection

Theorem (Uniformisation Theorem [Witten, 1989, Laszlo and Sorger, 1997])

Tim Henke Joint work

Jgrgen Ellegaard Andersen

as vector bundles over T (X, p).
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Main Theorem

Main Theorem

Theorem (Uniformisation Theorem)

[Laszlo, 1998], [Andersen et al., 2017],
H(Xk) & Vy  as vector bundles over [Biswas et al., 2021b,

’ T(Z, B). Biswas et al., 2021a],
’ [Daskalopoulos and Wentworth, 2011]

Theorem (Andersen and H., to appear)

Let p1,...,pn € ¥ = CP! be a smooth pointed surface and let k >0, n > 3, and N > 2 be
integers. Let G = SU(N) and A = (A1,...,An) be integral, dominant weights for G. If
n+ N > 7, then the uniformisation isomorphism

H;f)(z,ﬁ) = Vs (T, F)

of vector bundles over Teichmiiller space T(X) is projectively flat with respect to the Hitchin
connection VH and the Knizhnik—Zamolodchikov connection VK<,

Tim Henke Joint work with Jgrgen Ellegaard Andersen
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Main Theorem

Application: Topological Quantum Field Theory

(=
Construct full gauge-theoretic WRT C

TQFT from this via
[Andersen and Petersen, 2016].
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Main Theorem

Application: Topological Quantum Field Theory

(=
Construct full gauge-theoretic WRT C

TQFT from this via
[Andersen and Petersen, 2016].

Gauge theory Conformal field theory Braid algebra
Physics | Chern—Simons QFT WZNW CFT Algebraic
[Witten, 1989] [Witten, 1989] [Witten, 1989]
Maths ? TUY TQFT Modular tensor categories
[Andersen and [Reshetikhin and
Ueno, 2007b] Turaev, 1991]

Theorem ([Andersen and Ueno, 2007a, Andersen and Ueno, 2012, Andersen and Ueno, 2015])

The Tsuchiya—Ueno—Yamada TQFT constructed in [Andersen and Ueno, 2007b] is isomorphic
to the Witten—Reshetikhin—Turaev TQFT.

Tim Henke Joint work with Jgrgen Ellegaard Andersen
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Proof idea
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Proof idea

1: geometrise Knizhnik—Zamolodchikov connection
N inv
Vy, C VX

Xk =




Main Theorem

Proof idea

1: geometrise Knizhnik—Zamolodchikov connection
Vi € VI

VX = HO(Ls — Fy) Bott-Borel-Weil Theorem, F; = IT; G/Px,
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Main Theorem

Proof idea

1: geometrise Knizhnik—Zamolodchikov connection
VX,k C Vinv

;‘" & HO((Ly — Fy)/ G) Bott—Borel-Weil Theorem, F; = []; G/Px,
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Proof idea

Proof sketch.

1: geometrise Knizhnik—Zamolodchikov connection
VX,k C Vinv

%’“’ = HO((Lyx — Fy)/ G) Bott-Borel-Weil Theorem, F; = []; G/Px,
V2 = d + u(V) with u(V) differential operator.
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Main Theorem

Proof idea

Proof sketch.

1: geometrise Knizhnik—Zamolodchikov connection
VX,k C Vinv

%’“’ = HO((Lyx — Fy)/ G) Bott-Borel-Weil Theorem, F; = []; G/Px,
V2 = d + u(V) with u(V) differential operator.

2: common domain
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%’“’ = HO((Lyx — Fy)/ G) Bott-Borel-Weil Theorem, F; = []; G/Px,

V2 = d + u(V) with u(V) differential operator.
2: common domain

Mflat = Mparabolic
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Proof idea

Proof sketch.

1: geometrise Knizhnik—Zamolodchikov connection
VX,k C Vinv

%’“’ = HO((Lyx — Fy)/ G) Bott-Borel-Weil Theorem, F; = []; G/Px,
V2 = d + u(V) with u(V) differential operator.

2: common domain
Mflat = Mparabolic
Mparabolic 2 U C F5//G open+dense
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Proof sketch.

1: geometrise Knizhnik—Zamolodchikov connection
VX,k C Vinv

%’“’ = HO((Lyx — Fy)/ G) Bott-Borel-Weil Theorem, F; = []; G/Px,
V2 = d + u(V) with u(V) differential operator.

2: common domain
Mflat = Mparabolic
Mparabolic 2 U C F5//G open+dense
Lly = (Ls/6)lu
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Proof idea

Proof sketch.

1: geometrise Knizhnik—Zamolodchikov connection
VX,k C Vinv

%’“’ = HO((Lyx — Fy)/ G) Bott-Borel-Weil Theorem, F; = []; G/Px,

V2 = d + u(V) with u(V) differential operator.
2: common domain
Mflat = Mparabolic
Mparabolic 2UC FX//G Open+dense
Lly = (Lz/6G)lu
HO(L )= HO(L; //G) C H°(L|y) preserved by VH and VKZ
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Proof idea

Proof sketch.

1: geometrise Knizhnik—Zamolodchikov connection
VX,k C Vinv

%’“’ = HO((Lyx — Fy)/ G) Bott-Borel-Weil Theorem, F; = []; G/Px,

V2 = d + u(V) with u(V) differential operator.
2: common domain
Mflat = Mparabolic
Mparabolic 2 U C F5//G open+dense
Lly = (Ly/6G)lu
HO(L%) = HO(L5*//G) C H°(L*|y) preserved by VI and VK2
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Main Theorem

Proof idea

Proof sketch.

1: geometrise Knizhnik—Zamolodchikov connection
Vi C Vi
v;rv =~ HO((Ls — F3)/ G) Bott—Borel-Weil Theorem, F; =[]; G/Px,

V2 = d + u(V) with u(V) differential operator.
2: common domain

Miar = Mparabolic

Mparabolic 2 V) g FX//G Open+dense

Lly = (Ly/6G)lu

HO(Lt) = HO(LXZ//G) C HO(L¢|y) preserved by V* and V42
_ VKZ

¢-independence = eliminate higher orders — V" scalar
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